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UNBOUNDED SOBOLEV TRAJECTORIES AND MODIFIED 
SCATTERING THEORY FOR A WAVE GUIDE NONLINEAR 
SCHRODINGER EQUATION 

HAIYAN XU 


Abstract. We consider the following wave guide nonlinear Schrodinger equation, 

{idt + d,, - \Dy\)U = \ufu (WS) 

on the spatial cylinder x Ty. We establish a modified scattering theory between small 
solutions to this equation and small solutions to the cubic Szego equation. The proof 
is an adaptation of the method of Hani-Pausader-Tzvetkov-Visciglia [12]. Combining 
this scattering theory with a recent result by Gerard-Grellier [4], we infer existence 
of global solutions to (WS) which are unbounded in the space x T) for every 


1. Introduction 

The purpose of this work is to study the large time behavior of solutions to the 
following Hamiltonian equation. On the cylinder Mj, X Ty, consider the Hilbert space 
R = X T) with the symplectic form 

oj{u, v) = Im(M|n) 

and the Hamiltonian function on Ti, 

H{U) = ^ j {\d^U{x,y)\^+ \Dy\U{x,y)U{x,y))dxdy + ^ J \U{x,y)\^ dx dy , 

RxT KxT 

where \Dy\ := \/—dyy. The corresponding Hamiltonian system turns out to be a wave 
guide nonlinear Schrodinger equation, 

{idt + A)U = \U\^U, {x,y)eRxT , (1.1) 

where we set 

A . dxx I Dy I • 

Notice that, besides the energy H{U), this equation formally enjoys the mass conserva¬ 
tion law 

j \U{t,x,y)\‘^dxdy= j \U{0, x,y)\‘^ dx dy . 

RxT RxT 
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In particular, the trajectories are bounded in fl L^Hy . These conservation laws 

correspond to a critical regularity for equation (1.1), so that global wellposedness of 
the Cauchy problem is not easy. In this paper, we shall prove that global solutions do 
exist for every Cauchy datum satisfying a smallness assumption in an appropriate high 
regularity norm. However, our main objective in this paper is to study the possible large 
time unboundedness of the solution, in a slightly more regular norm than the energy 
norm, typically x T) for s > 1. This general question of existence of unbounded 

Sobolev trajectories comes back to [1], and was addressed by several authors for various 
Hamiltonian PDEs, see e.g. [3, 6, 9, 10, 11, 12, 13, 14, 19, 21]. The choice of the 
equation (1.1) is naturally based on the state of the art for this question concerning the 
nonlinear Schrodinger equation and the cubic half wave equation, which we recall in the 
next paragraphs. 

1.1. Motivation. In this paragraph, we briefly recall the state of the art about the 
existence of unbounded Sobolev trajectories for the nonlinear Schrodinger equation and 
the cubic half wave equation. 

1.1.1. The nonlinear Schrodinger equation. Firstly, consider the following Schrodinger 
equation with smooth initial data 

idtu + Au = \u\^u . (1.2) 

If we consider the case with spatial domain M or T, the ID Schrodinger turns out to be 
globally well-posed and completely integrable [22], and the higher conservation laws in 
that case imply 

||'ii(^)||ir“ < C's(||M(0)||i^s) , s > 1 , for alH G M . 

Hani-Pausader-Tzvetkov-Visciglia studied the nonlinear Schrodinger on the cylinder 
Ma, X [12], they found infinite cascade solutions for d > 2, which means there exists 
solutions with small Sobolev norms at the initial time, while admit infinite Sobolev norms 
when time goes to infinity. 

Theorem 1.1. [12, Corollary 1.4] Let d > 2 and s G N, s > 30. Then for every e > 0 
there exists a global solution U{t) of the cubic Schrodinger equation (1.2) on M x 
such that 

11^(0)IlnqRxT'i) < limsup ||t/(t)||_H-qRxT‘i) = +oo. (1.3) 

t —^~1“00 

Unfortunately, these inhnite cascades do not occur for d = 1, actually the dynamics of 
small solutions is fairly similar on M x T and M. But we may apply their general strategy 
to the wave guide Schrodinger equation, to understand the asymptotic behavior and in 
particular how this asymptotic behavior is related to resonant dynamics. 

1.1.2. The half wave equation. Another motivation is from the study of the so-called half 
wave equation [6]. Actually, if we start with a solution u which does not depend on x, 
then it satisfies the following half wave equation 

idtu — \Dy\u = |npn, i/ G T . 


(1.4) 
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The following theorem was proved by Gerard and Grellier, which tells us the global 
well-posedness and partially about its large time behavior. The orthogonal proiector 
from L2(T) onto 

Llm := {t<(9) = e C} , 

p>0 

is called the Szegd projector and is denoted by n_,.. 

Theorem 1.2. [6] Given uq G H^{T), there exists a unique solution u G G(R, if^(T)) 
satisfying (1.4). And if Uq G H^{T) for some s > then u G C{R, . Moreover, 

let s > 1 and uo = n_(.(Mo) G T^(T) n H^{T) with ||mo|| = £, £ > 0 small enough. 
Denote by v the solution of the cubic Szegd equation[b, 7] 

idtv — Dv = n+(|npn) , n(0, ■) = uq . (1.5) 

Then, for any a> t), there exists a constant c = Ca < 1 so that 

\\u{t) - v{t) II = 0{£^~°‘) fort log - . (1.6) 

A similar result is available for the case on the real line M, see O. Pocovnicu [20]. 

The following large time behavior result of the half wave equation comes from the fact 
that the cubic Szegd dynamics which appears as the effective dynamics, admits large 
time Sobolev norm growth. 


Corollary 1.1. [6] Let s > 1. There exists a sequence of data Uq and a sequence of 
times G such that, for any r. 


ll'^olln’’ 0 

while the corresponding solution of (1.4) satisfies 

^ IlMolln- (^og 


1 

“oik'’ 


2s-l 


Remark 1.1. In the statement above, one may observe that there exists norm growth, 
but \\u^(t^)\\H^ stays still small. In fact, it is possible to show that for s > 1, there exists 
a sequence of solutions to the halfwave equation (1.4) such that [18] 

Ikolk'’ C)0 . (1.7) 


l“o 


\u^{G)\\ 


H‘ 


1 

■ l+2s 


, set 


Indeed, one may just take some large integers Nn = 

1, __ 1 . _- 

Uq = NfuQ^Nfy) with Uq given as in Corollary 1.1, then we may write the related 
solution as Uq = Nfu'^{Nnt,Nfy). 

The existence of a solution to the half wave equation (1.4) satisfying 

Ikolk-^e, lim sup ||M(f)||H'* = oo , (1.8) 

t—>-oo 


is still an open problem. Though this problem is still open for the half wave equation, 
we are going to solve it for the wave guide Schrodinger equation (1.1). 
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1.2. Main results. The aim of this paper is to describe the large time behavior of the 
wave guide Schrodinger equation (1.1) for small smooth data. Thoughout this paper, we 
always assume the initial data satisfy 

Uo{x, 1 / + vr) = -Uo{x, y) . (1.9) 

A direct consequence is that Uq only admits odd Fourier modes on the direction y, which 
is of helpful importance in the study of the resonant system, as we will see later in section 
4. We then show that the asymptotic dynamics of small solutions to (1.1) is related to 
that of solutions of the resonant system 

^aiG±(^) = 7^[G'±(^),G±(^),G±(^)] , 

W[G±,G±,G±](e,i/) = n±(|G±|2G±)(e,i/) . 

Here •) = •), n_,_ is the Szegd projector onto the non-negative Fourier modes, 

n_ := Id—n_|_, and G± := n±(G). Noting that the dependence on ^ is merely parametric, 
the above system is none other than the resonant system for the cubic half wave equation 
on T, which is the cubic Szegd equation. 

Throughout this article, we assume iV > 13 is an arbitrary integer, and 6 < 10“^. 
Our main results on the modihed scattering and the existence of a wave operator are as 
below, where the norms of Banach spaces S and S~^ are dehned as 

\\F\\s :=\\F\\h-, + \W\lI,, ||i^||5+ := \\F\\s + ||(1 - d^^YFWs + ||xF|U. (1.11) 

Theorem 1.3. There exists e = s{N) > 0 such that if Uq G S~^ satisfies 

||f^||5+ < 

and ifU{t) solves (1.1) with initial data Uq, then U G O([0,-|-oo) : S) exists globally and 
exhibits modified scattering to its resonant dynamics (1.10) in the following sense: there 
exists Go E S such that if G{t) is the solution of (1.10) with initial data G(0) = Go, 
then 

||f/(t) — e*^'^G(7rlnt)||5 —)■ 0 as t ^+oo. 

Remark 1.2. The Cauchy problem of our wave guide Schrodinger system (1.1) in the 
classical Sobolev space is not easy, neither by energy estimates nor by Strichartz esti¬ 
mates, since its Hamiltonian energy lies on the Sobolev space HlLyH ^ However, 

by the Theorem 1.3 above, we can deduce directly the global well-posedness with small 
initial data in S~^. 

Theorem 1.4. There exists e = e{N) > 0 such that if Go G S~^ satisfies 

11 ^ 0115 + < 

G(t) solves (1.10) with initial data Go, then there exists U G C'([0,oo) : S) a solution of 
(1.1) such that 

||17(t) — e**'^G(7rlnt)||5 —)■ 0 as t ^+oo. 

Theorem 1.4 combined with the large time behavior of the cubic Szegd equation, leads 
to the inhnite cascades result. 
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Theorem 1.5. Given N > 13, then for any e > 0, there exists Uq G S~^ with ||t/o||s+ < 
such that the corresponding solution to (1-1) satisfies 

limsup \\U{t)\\L2H- = oo , Vs > 1/2 . (1.12) 

>-00 

Remark 1.3. 

1. It is likely there exists a dense Gs set in an appropriate space containing initial data 
which lead to infinite cascade as above. A proof of this would involve more technicalities 
and we will not discuss it in this paper. 

2. Gompared to the results in [12], the unbounded Sobolev norms in our theorem are just 
above the energy norm. 

1.3. Organization of the paper. In section 2, we introduce the notation used in 
this paper. In section 3, we study the structure of the non-linearity, and establish the 
decomposition proposition, which is of crucial importance. We decompose the non¬ 
linearity W* into a combination of the resonant part and a remainder, 

N^[F, G, H] = -7^[F, G, H] + G, H] . 

t 

In section 4, we study the resonant system and its large time cascade, which is similar to 
the cubic Szegd equation as above. In section 5, we construct the modified wave operator 
and prove Theorem 1.4 and Theorem 1.3. Later in this section, we prove the large time 
blow up result. Theorem 1.5. Finally in section 6, we present a lemma that will allow us 
to transfer estimates on operators into estimates in S and S~^ norms. 

2. Preliminary 

2.1. Notation. We will follow the notation of [12], T := M/(27rZ), the inner product 
{U, V) := UVdxdy for any U,V G x T). We will use the lower-case letter to 

denote functions / : M —>■ C and the capital letters to denote functions F : M x T —)■ C, 
and calligraphic letters denote operators, except for the Littlewood-Paley operators and 
dyadic numbers which are capitalized most of the time. 

We use a different notation to denote Fourier transform on different space variables. 
The Fourier transform on M is defined by 

?(0 := J^x{9){0 = j . 

R 

Similarly, if U{x,y) depends on {x,y) G M x T, U{f,y) denotes the partial Fourier 
transform in x. The Fourier transform of h : T —)■ C is, 

hp := Fy{h){p) = ^ J h{y)e-^^ydy, p G Z , 

T 

and this also extends to U{x,y). Finally, we define the full Fourier transform on the 
cylinder R x T 

(TU) (f.p) = i/ U{(;,y)e-”dy = f/^K) . 

T 
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We will often use Littlewood-Paley projections. For the full frequency space, these are 
dehned as follows with as a dyadic integer. 

(TP<^U) K, p) = (m K, p ), 

where (p G ^p{x) = 1 when |a:| < 1 and ^{x) = 0 when |x| > 2. We then also 

dehne 

0(x) = ip{x) — (p{2x) (2.1) 

and 

Pn = P<N — P<N/2, P>N = 1 — P<N ■ (2.2) 

Sometimes we concentrate on the frequency in x only, and we therefore dehne 

{pq<nU) (e,p) = (p(|)(^t/) (e,p), 

and dehne Qn similarly. By a slight abuse of notation, we will consider Qjv indiherently 
as an operator on functions dehned on M x T and on M. While we consider the frequency 
in y we will use notation A^v which means 

{T,A„h) (p) = . (2.3) 

We shall use the following commutator estimate which is a direct consequence of the 
dehnition, 

. (2.4) 

We will use the following sets corresponding to momentum and resonance level sets: 

M := {(po,Pi,P2,P3) e : Po -Pi +P2 -P3 = 0} , 

To; := {(po,Pi,P2,P3) e : IpoI - |pi| + IP 2 I - |P3| = tu} . 

2.2. The non-linearity. Let us write a solution of (1.1) as 

U{x,y,t) = ^e*^’^e-**IPl(e*‘^""Fp(f))(a:) := P^^{F{t)) , 

pez 

with A = dxx — \Dy\. We then see that U solves (1.1) if and only if F solves 

idtFit) = (p^^Fit) ■ • e*‘"^F(t)) . (2.5) 

We denote the non-linearity in (2.5) by A/'*[T(t), T(t), F{t)], where the trilinear form W* 
is dehned by 

Af^[F, G,H]:= (f*^F ■ . 

Now, we can compute the Fourier transform of the last expression 

FAf^[F,G,H]{^,p)= , (2-6) 

{p,q,r,s)&M 

where 

I^[f,g,h] ■.= U{-t)(u{t)fUi^U{t)h}j, W(t) =e*‘^- . (2.7) 
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One verifies that 


- rf)g{( - )( - k)7(5 - K)dKdri . 


2.3. Norms. The following Sobolev norms will be used in the whole paper. For se¬ 
quences a := {ttp : p E Z}, we dehne the following norm, 

IHI0= E [1 + ipiT i“F ■ 


The Besov space is dehned as the set of functions / such that ||/||si^ is 

hnite, where 

ll/llfl!, = l|So(/)|U. + A'l|A„/n., 

N dyadic 

here / = So{f) + ^Nf stands for the Littlewood-Paley decomposition of / with 

N dyadic 

Ajv dehned as (2.3) above and By{Sof){p) := ^{p)fp. The space will be crucial in 
the analysis of the resonant system in section 4. 

For functions F dehned on R x T, we will indicate the domain of integration by a 
subscript x (for R), x^y (for R x T) or p (for Z). We will use mainly four diherent 
norms: 

two weak norms 


IIFIIP := sup [1 + + IPl')'|Pi«)l' . 

l|i^l|z:=sup [1 + ler] ||%,-)l|iT , 
and two strong norms 

ITUs := ITIEs + l|lF|U;„ . ITUs* := ITUs + 11(1 - 4JT||s + TFIIs , 

with N to be hxed later. 

The space-time norms we will use are 

||F|U,:= sup {||F(()|U + (1 + |1|)-1|F(()IIs+(1 + |(|)‘-”I|9T(1)||s} . 

0<t<T 

ITIIx* :=ITIU, + sup {(1 + |f|)-«||F(()l|s* + (1 + |(|)'-”l|9T(l)l|s*} . 


( 2 . 8 ) 

(2.9) 


( 2 . 10 ) 


( 2 . 11 ) 


with a small parameter 6 < 10“^. 

In the following sections, we will see that the Z norm is a conserved quantity for 
the resonant system, which is of crucial importance, and for data in S~^, the solution is 
expected to grow slowly in S~^, while the diherence between the true solution to (1.1) 
and the solution to the resonant system may decay in S. 

Now, at this stage, we present some elementary lemmas which will be useful in the 
later studies. 
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Lemma 2.1. Provided N > 13, we have the following hierarchy 

IIDIy.« ;S ITIU ;£ IIDIk-, s>i. 
IIGI„«<ITIU<ITI|y<ITIIsy. 

Proof. We begin with the proof of the hrst inequality (2.12), it is sufficient to prove 


( 2 . 12 ) 

(2.13) 


yl/2 




H^, S > 1 

IJ-yl 


1 . 


, 1/2 


< 


Bi- 


|2 \l/2 


= IISo/IU, + ( 5^ lV||A„/||i,)' 

N dyadic 

We notice that the Fourier transform of Sof is compactly supported on some interval I 
with |/| < 2, thus 


1/2 


< 

r\j 


lis„/iu. 


l|So/lli> < IIA(So/)(P)ll(? ^ y I / <i-“'’(So/)(x)di| 

\p&I 

While the Fourier transform of A^f is compactly supported on some interval I with 
l^vl rsj N, thus similarly 

1V'''"I|A«/I|y < Yl=IIA(A«/)(p)ll,>(*) < MIIAK/llt. , 

we then use the fact that is continuously embedded in and get 

l|A'‘''"l|A«/||y||,j,<||A'||A„/|U.||,j< 5^ /V||A„/|U. , 

N dyadic 


thus \\J\\jji /2 /i IIJIlBi. 

2- ll/llsi ^ II/IIhj, s > 1. 

Since T is of hnite measure, 

||/||li(t) < II/IIl2(t) • 

This inequality is deduced by Cauchy-Schwarz inequality, indeed, 

5^1V||A„/|U. <5^1V||A„/|U, <(5^/vi*||A„/|ii,)‘''"( 5^ 

N dyadic 

the second factor on the right hand side converges since s > 1, and we obtain our result. 

3. It is easy to show the hrst and last inequality in (2.13), and the middle inequality 
comes from the following Gagliardo-Nirenberg type inequality 


ITIh- < ITIlfA'ITII/""' ■ s > 1. 

x,y 

with 0 < (j < 1/2 and the index in the dehnition of S norm satishes aN > 3. 
To verify this inequality, we need the elementary inequality 


1 / 2+0 


(2.14) 


< 


G(R) ~ ll/lll^mll^/ll 




(2.15) 
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one might observe that 


N dyadic 


< 

rsj 


yiv=ll<3A-A(')lllibOA'A(')ll!| 


N 

N 




i-s„)’A(')ll!.IIWA( 


\h 


{x)F, 


P\ fWLl > 


where we applied (2.4) to gain the third inequality, and 6 > 4. Squaring and multiplying 
by and combining with (2.12), we have for s > 1, 


IIFIIP = sup[l+|?|y||F«,.)f„, < y(p)"*l|Fp(')l|„.|lWFp(-)llLi < l|F||«.«..||j^F||ti,., 


the last inequality comes from the Cauchy-Schwarz inequality. Then (2.14) comes from 
an application of the Gagliardo-Nirenberg inequality on ||F||j^e+ 2 s with 6* + 2s > 6, 

and 2aN = 9 + 2s > 6. By choosing a = 1/4 and N > 12, thus for s > 1, 

IIDU ;£ ITIly ;£ IIDli IIDll • (2-i6) 

x,y ^ 

□ 

We remark that by taking suitable a, for the inequality (2.13), the requirement of the 
Sobolev regularity in S norm may be > 7. 

We also remark that the operators Q<n, P<n and the multiplication by ip{-/N) are 
bounded in Z, S, S~^, uniformly in N. 

In this paper, we make often use of the following elementary bound to sum-up the Id 
estimates. 


E 4 




< min ||G'|h 2 ||c^|hi||c^|hi 


(2.17) 

ee. 3 : 2 : 6 ', . . 

q—r+s=p 

The following lemma shows the bounds on the non-linearity A/"* in the S and norms. 


Lemma 2.2. [12, Lemma 2.1] 

||V‘[F,G,ff]||s < (1 + |^|)■‘ITIIsl|G|lsll^^lls . 

< (1 + |«|)-' . inax ||P||s.||F‘||s||F'||s . 

Proof. Due to Lemma 6.2 in the appendix, it is sufficient to prove 


(2.18) 


\\Af^[F\F^,F^]\\L2 <(l + |t|)-i min ||F^|U2 


( 2 . 19 ) 
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Coming back to (2.6), 

||Ar‘[F^F^F=>||U|^<|| 5^ ||I‘|F,‘,F.^,Fi']|U||l^ , (2.20) 

q—r-\-s=p 

thus we only need to calculate ||X*[/^, /^, /^]||l 2 . By the dehnition of X* (2.7), we have 
the energy bound 




-itdxx ( ^itdxx f2Qitdxx y3 


LI 


< mill l|T|U|||e“»”/‘IUrlte‘"“/'l 


Then by (2.17), 

||V‘[F>, F^ F=>||U|^ < mjri||F>|U|^ ||e"”F,‘U„ ||e“»F,'|U» . (2.21) 


For |t| > 1, the factor (1 + |t|) ^ comes from the dispersive estimate 


<^'"’’f\\Lr<\t\-nf\\Li<\t\-nf\\uxf\\h . 


( 2 . 22 ) 


then 


pill? 


p p 

= w-‘'"Eipr'ipi'iiTii!|iirfpii!i 

p 

< ir ipr^”)''^(E ipi“iTi.iiii)''"‘(E 

p p p 

where we took s > 1/2 in the second and third inequalities. While for |f| < 1, one may 
use Sobolev estimate instead of the dispersive estimate. 


then 




E < E = E ipi^ipI’iip. 


pH Hi = 

p p 

< (\ ■ lr,|-2sE/2 

P P 


pIlHi 


E ipi’'‘)‘'"(E ipi^'iiT.iih)'''' s iiF|is, 


with s > 1/2. Thus for any f, 

Elle'"*"-0.111.“ S(i+l*l)""'''IIDIs' 


Plugging (2.23) into (2.21), we get (2.19) and complete the proof of Lemma 2.2. 


(2.23) 


□ 
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3. Structure of the non-linearity 


The purpose of this section is to extract the key effective interactions from the full 
non-linearity in (1.1). We are to gain the decomposition 

G, H] = ^7^[F, G, H] + G, H] , (3.1) 

where TZ is the resonant part, 

Fn[F,G,H]{i,p)= Y. (3.2) 

(p,g,r,s)gro 

and is a remainder term, which is estimated in Proposition 3.1 below. We will see 
later that this TZ[G, G, G] is exactly the same one as in (1.10). 

Our main result in this section is the following proposition. 

Proposition 3.1. Assume that for T* > 1, F, G, H : R —)■ S' satisfy 

llUk,.+||G|k,.+ ||i/|k,. <1. (3.3) 

Then we can write 


£<iF{t),G{t), Hit)] = f!lF(«),G(«), Hit)] + f‘1F(«), G(«), Hit)] , 

and if for j = 1,2 we note £j{t) := Sj[F(t), G(f), if (t)] then the following estimates hold 
uniformly inT* >1, 


sup T 

i<r<r* 


-(S| 


i = l,2. 


T/2 


sup {i + \t\y^Am)\\z< sup (i + |t|)^+‘'iisi 


ys 


l<t<T* 


l<t<T* 


<1, S>1, 


sup (1 + |t|)^/^°||S 3 (t)||s < 1 , 
i<i<r* 


where £ 2 ( 1 ) = dt£z{t). Assuming in addition 

II-^IIa+* + II^IIa+* + II-^IIa+, - 1) 


(3.4) 


we also have that 


sup T 

i<r<T 


—551 


£j{t)dt\\s+ < 1, sup T^A\ I £jit)dt\\s <1, j = 1,2 . 


T/2 


1<T<T* 


T/2 


The statement of Proposition 3.1 says that if the remainder £^ has inputs bounded in 
Z and slightly growing in S then £^ reproduces the same growth in S and even decays 
in Z. To prove this proposition, we hrst present several reductions by performing a 
decomposition of the non-linearity as 

AfAQAFit),QBG{t),QcHit)] . 

A,S,(7—dyadic 
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3.1. The High Frequency Estimates. In this subsection, we are going to prove a 
decay estimate on the non-linearity M^[QAF{t),QBG{t),QcH{t)] for t ~ T, T > 1, in 
the regime B,C) > Te. In the case when two inputs have high frequencies, 

we can simply conclude by using energy estimates, while in the case when the highest 
frequency is much higher than the others, we invoke the bilinear rehnements of the 
Strichartz estimate on R. 

Lemma 3.1. [2] Assume that A/10 > /i > 1 and that u(t) = v(t) = 

Then, we have the bound 

\\Q\uQ^v\\bi_^(^xR) '^~^II'Wo||l2(r)||to||l2(r). (3.5) 

One may refer to [2] for the proof. 

Slight modihcations of the proof of the corresponding result in [12, Lemma 3.2] lead 
to the following estimates. We reproduce the proof here for the readers’ convenience. 

Lemma 3.2. Assume that T > 1. The following estimates hold uniformly in T: 

II E 

A,B,C 

max(A,S,C)>TH 


A,B,C 

max(A,S,C)>TH 


A,B,C 

max(A,S,C)>TB 


U^[QaF,QbG,QcH] 


ys 


< 


^^■"ll^llsllG'blli^lU, s>l,Wt> T/4, (3.6) 


Af^[QAF{t), QBG{t), QcH{t)]dt 


< 


T--o\\F\\ 

X'j' l|G|| ll^ll 


(3.7) 


M\QAF{t), QBG{t), QcH{t)]dt 


s+ 


< 


^^■^IIt^IIaaIIG'IIxaII^IIx- 


(3.8) 


Proof. Let us begin with the hrst inequality. Let K G L'^^y, then we need to bound 


Ik = {K, Af^[QAF,QBG,QcH]) 


< 


F'^{QaF) • P^-^{QbG) • P^\QcH) ■ 


RxT 
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By Sobolev embedding, we see that 


RxT 

< \W'^QaF\\ i|. ||e"OBG|| 1. _ ||e-“Ocff lU.II A1Ui„ 

< l|e"Q,if|l„;J|e"QBG||„.J|e-“Qcff|lH;J|A-|U|,, 
- IIQ>l-^llwS,jllQBG||f/J,j,||Qc-^l|//^,^ll^'-’l|L|^^ 

< (^BC)-«+*||OxF||m.||<2sG||„..J|<3o-ff||H}3||A1lL| 


with s > 2/3. Then by duality, taking s = 1, we have 
M\QaF,QbG,QcH] 


/■2 

x,y 


< 


< 


{ABG)-^^QaF\\s\\QbG\\s\\QcH\\s . 


Then By(2.16), 


Af^[QAF,QBG,QcH] 

A,B,C 

ma.x{A,B,C)>T^ 

E 

A,B,C 

max(A,B,C)>TH 


ys 


< 

r\j 


Af*[QAF,QBG,QcH] 


< 


A,B,C 


Y, Af^[QAF,QBG,QcH] Af^[QAF,QBG,QcH] 


ys 


3/4 


(3.9) 


1/4 

L2 


< 

r\j 


ma.x{A,B,C)>T^ 

T-3/4 {ABG)-^QaF\\s\\QbG\\s\\QcH\\s 

A,B,C 

max(A,B,C)>TH 

<r-"/‘‘||F||s||G||s||//||s, 


where in the third inequality we used Lemma 2.2 and (3.9). 

For the other two estimates, we must be more careful. First of all, we will split the set 
{(y4, B, G) : max(74, B, G) > Te} into two parts A and its relative complement A'^. Here 

the set A is dehned as A := | (A, B, G) : med(A, B, G) < T^/16, max(A, H, C) > |, 

with med(A,i?,C') denote the second largest dyadic number among {A,B,G). 

Let us start with the case {A, B, G) G A'^, we claim 


Af^[QAF,QBG,QcH] 

{A,B,C)£A<^ 


<r-T||F||s,«||G||s,„||i/|U(« 


(3.10) 
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By Lemma 6.2, we only need to control -^^[QAFyQBGyQcH] , the main 


(A,B,C)gA'= 


L2 


strategy is similar to the proof above, but this time we should not lose derivatives on all 
of the F,G,H, let us check the condition (6.4). Let K G Ll y, then we need to bound 


Ik ={k, ^'[QaF, QbG, QcH] 

{A,B,C)eA<= 


< 


E 


I e“AQAF) ■ e^^iQsG) ■ e“AQcH) ■ ei’-'iK) 

(A,B,C)eA‘^ [rxT 
{A,B,C)£A‘^ 


< E II0.4A|u,j|(3bG||„|J|<3cA||hi,J|a|U|, 

{A,B,C)£A<^ 

iA,B,C)£A<^ 

<( 5^ (med(/l,B,C))-“)||An|J|G||„.,J|A||„.,J|An|^ 

{A,B,C)eA‘^ 

<r-“''»||F|U|J|F|U|J|G||s||A||s, 


then by duality. 


Y|0^F,0bG,<3cA 1||^, <r-“''»||F||i|J|G||s||A||s 

(A,B,C)£A^ 


(3,11) 


The inequality above holds by replacing F with G, H, then we get (3.10) by applying 
Lemma 6.2. 

Now we turn to the case (A, 5, G) G A, we are to show 


/ M^[QAF{t), QBG{t), QcH{t)]dt\\sM 


A,B,C T 
{A,B,C)£A2 


(3.12) 


< 


T--||F||^(+)||G||^(+)||Lf||^(+) . 


We will only prove the case with norms S and Xt, the proof of the case with S~^, is 
similar. The main tool of this part is the bilinear Strichartz estimate from Lemma 3.1. 
We consider a decomposition 

1T/4,2T| = U /j , /j = IjT*. (j + 1)T*| = , #J < T* 

16 J 


(3.13) 
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and consider x G X ^ 0 such that x('S) = 0 if |s| > 2 and 

- k) = 1 . 

The left hand-side of (3.12) can be estimated by C{Ei + E 2 ), where 




j£j (A,S,C)gA T 

2 

W^[QAE{t), QsGit), QcH{t)] - AA*[Q^F(t,), gsG(f,), QcH{t,)])dt 


and 


1 

= II I] E / X(^ - ])M‘[QAF(tj),QBG(tj),QcH(tj)]dt 

jeJ {A,B,C)€Ai “ 

"2 

Notice that E{tj), H(tj) do not depend on t. 

Let us start to estimate Ei, 

T 

s E / A “ 

kjI 

2 


(3.14) 


with 

Ei,j{k) : = 

{M\QAE{t), QsGit), QcHit)] - AA*[Q^F(g), gsG(g), QcHiQ)] 

{A,B,C)eA 

Denote by Q+ := Q 1 and g_ := Q 1 , , then due to the structure of A, one of 
A, B, G is larger than Te and the other two are smaller than Te /16, we decompose 

X^[QAE,QBG,QcH]=Af^[Q+E,Q_G,Q_H] 

(A,B,C)eA 

+ Af*[Q-E, Q+G, Q.H] + X^[Q.E, Q_G, Q+H] . 


We rearrange the terms in Eij two by two, and rewrite each pair as follows 

Ar*[g+F(f), Q_Git), Q.Hit)] - AA*[g+F(g), g_G(g), Q-HiQ)] 

= Af^[Q^iEit)-EiQ)),Q_G,Q.Hit)] + AA‘[g+F(g), g_(G(f) - Gg)), g_if(f)] 
+ Af^[Q+EiQ),Q.GiQ),Q.iHit) - HiQ))] , 


then by Lemma 2.2, and the boundedness of Q± on 5*t', we see that 

IIMIQ^F);) - F((,)),Q_G,Q_//(()]||s < (1 + |(|)-‘||F(() - F(ij)||s||G(()||s||ff(t)||s . 
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We bound the other terms similarly, and hnally we have an estimate on -Eij, 

EiAt) < (l + l^l)-^[l|i^W-i^(^.)bl|G(t)||5||i^W 

+ ||F(t,)||5||G(t)-G(t,)||5||i/(t)||5 (3.15) 

+ ||F(t,)|U||G(t,)b||i/(t)-h^(t,)||5 . 

Since \t — tj\ < T^, 


llF(t)-F(tj)lls< j \\dtF{e)\\sde <T-o snp\\dtF{t)\\s . 

h 

Notice that this is the advantage of introducing the partition of time interval provided 
by y. Comparing with the dehnition of Xx (see (2.11)), we have 

||f(i)-Ffe)lls<r-TO+”||F|U, , 

ITWIIs<r^lTIU,. 

Therefore, 

<T-«+“||F|U,||G'||x,||i/|lA> . 

then 

T 

r.. 

We now turn to E 2 , recall 

T 

= II E Z / x(X - ])M‘[QAF(tj),QBG(tj),QcH(tj)]dt 

11 ' ^ ^ J / 10 

j£j {A,B,C)£Ai ^ 

"2 

with QAF{tj),QBG(tj),QcH(tj) do not depend on t. Denoting 


pA,B,C 

Xj 


then 


We claim 


x(-x “ j)A^[QAF{tj), QBG{tj), QcH{tj)]dt 
Tio 


T 

2 


e2<J2 E 

j£j {A,B,C)eA 


B,C 


X(-^ - iFlQAF^QBFKQcF^ldt 
T 10 


T 

2 


/■2 

x,y 


<(max(4B.C))“\ ^in l|F“|liiJ|F'’l|sl|F’lls. 

{a,/ 3 ,j}={a,b,c} 


(3.16) 
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Then by Lemma 6.2, < (max(y4,5, C))“^||F|| 5 ||G'|| 5 ||iL||s, the estimate for 

E 2 will come out by summing up. Let us prove (3.16), assuming K G we consider 
with functions independent on t, 

T 

1- n J T W 

p—q+r—s=0 rp 

'2 

T 

p-g+r-s=0 i T^o 

2 

where we may assume that K = Q^K, D max(yl, 5, C). Without loss of generality, 
we assume A = max(y4, B, C), then by Holder’s inequality. 



x(—r - {QAFq)e^^^^^{QcF^)e^‘^^^QDKpdxdt 

T 10 


T RxT 
2 


IQ.4q)e“»»(QflA‘)lli|J|e"'-(QcF“)e“»«QDii'plli|,, , 

since A > 165, D > 16(7, applying the bilinear Strichartz estimate from Lemma 3.1 
below, we then have 

l|e“”(04q)YH07i7lllLj, S a -''"-\\ f ;\\ li \\ f%i 

||e“»“(0cJ7)e“»“0DA',|U; < B-''''=||F;||i|||A'„|U| . 


Applying Cauchy-Schwarz and (2.17) on the summation on the right hand side of Ik, 
we have 

Ik< Y. (■"“(TB,C))”‘liq“IUillA‘llLillA'lliillYllLi 

p—g+r—s=0 


<(max(4B,c))-‘| liqik?IT;iUillT1U»|l JIA 


p=q—r+s 


f2" 


<(max(4B,C))-‘ mm IIF-llii,, llifni E HG’IUlU AUi, 


< 

rsj 


(max(A,H,C')) ' min (bl IpH ll^f lUi) 

{a,/3,7}={a,o,c} \ 

P 




< (max(A, B,C)) ^ min 

^ ^ {a,/3,7}={a,b,c} 


F"| 


t2 


IT'^llsIT’IUIAii 


/■2 

x,y 


where we took s > 1/2. The result (3.16) turns out by duality. Applying Lemma 6.2, 
we get 

< (max(A,H,F))-iF||5||G||s||F||5 , 
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then 

E (max(AB,C))-‘ITIIsl|G|lsl|i/||s. 

j&J {A,B,C)£A {A,B,C)eA 

Without loss of generality, we assume A = max(74, B, C), then 

^ (max(/l,i?,C))-‘= ( A-'){#{B:B<T''yi6}y-<T-'/'>*‘ 

{A,B,C)£A a>t^/^ 

while using the dehnition (2.11), 

IT(<;)llsl|G(i;)llsl|if(ij)lls < r”ITIlAvl|G|Lv,||ff|Lv, , 

thus 

E2 < r-‘G*+«||F||,,^||G|u,||ir||A> . (3.17) 

which is a stronger version of (3.12). The proof of Lemma 3.2 is complete. □ 

Thus we may suppose that the x frequencies of F,G,H are ^ T^. It is natural to 
introduce the hrst decomposition 

AA'[F, G, H] = G, H] + Kf\F, G, H] , (3.18) 

■ (3.19) 

(p,g,r,s)ero 

3.2. The fast oscillations. Firstly, we present another elementary estimate here. 
Lemma 3.3. Let “ = “ + “ + “ with 1 < p,q,r,s < oo, then 

II j e“^m(p, k)/(^ - ri)g{^ - g - K)h{i - ~ ||-7^”^"i||li(r2)||/IU^||^||l’-||^IU- 

R3 


Proof. 

I 


k)f{f - r])g{^ -g- k)h{f - k)dgdKdf 


then 


g*? {x-a+p-'y) ^-ir){y-a+p) ^iK,{z+P-'y) 


F z)f{a)g{f3)h{'y)dydzdadf3d'y 


= F m{y,z)f{x-z)g{x-y-z)h{x-y)dydz , 


||/||Lg < f \F ^m{y,z)\\\fgh\\LpJydz 

R3 

= \\F~^m\\Li(R 2 )\\fgh\\LP(R) 

< \\F~^m\\LH^2)\\f\\L4g\\Lr\\h\\Ls , 
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the last inequality comes from the Holder’s inequality and the assumption - = - + 7 
1 

S * 

Remark 3.1. Similar result holds for the case m = m{f,ri,K), one may refer to [12, 
Lemma 7.5]. 

The main purpose of this subsection is to estimate of AAL 
Lemma 3.4. Let 1 <T <T*. Assume that F, G, H: M —)■ S' satisfy (3.3) and 
F = Q^^i/eF, G = Q<j' 1 / 6 G, H = Q^rpi/eF[ . 

Then we can write 

jV'|F(i). G(i). H{t)] = el[F(t),G(t), H(t)\ + £‘[F(t), G(t). H{t)\ , 

and if we set Si{t) := Sl[F{t), G{t), H{t)] and S 2 {t) := S 2 [F{t), G{t), H{t)] then it holds 
that, uniformly m 1 < T < T* , 

sup ||Si(f )||5 < 1 , sup ||S 3 (t)||<? < 1 , 

T/A<t<T* TlA<t<T* 

where S 2 (t) = dtSsit). Assuming in addition that (3.4) holds we have 

r‘+“ sup ||£,(()lls+ < 1. r"/'" sup ||£3(i)lls* ;S 1 ■ 

T/A<t<T* T/A<t<T* 

Proof. To prove this lemma, we start by decomposing A/"* along the non-resonant level 
sets as follows: Set 

F“ = F’’ = Q^t<kF\ F‘ = Q^tviF^ , 

(p,g,r,s)Gr,j 


(3.20) 

o\[r, f\ rm ■■= f - v)?{^ -v- - ^)dvdK , 

R 2 

oar, f\ rm ■■= f - rrr -r^- k)M - mvdn . 


We may rewrite for cg 7 ^ 0, 


—0||/“, f, /I - — {d, 0 ‘,} [/“, f, r] 

%(jj J %(jj 




rAtU) 


Atu) 


- —oMar.r./i - —o\[r,d,s\n - — 


(3.21) 


lijj 


lU 


lU 


( ituj \ 

—oiir.f.n) +e““'G‘ir,/‘,/i, 


+ □ 
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where 

(a,o‘) ir, f, n := 

I 

Thus we dehne £ 2 [F°', F""] = F^, F^] with 


d, ) /“(J - )))7‘(^ - t; - K.)p(^ - K)*)dK 


f’t n(U) - E E (—At A 

U}^0 (p,g,r,s)er, 


ztcj 


s J I ) 


and dehne £{ with 0\ and the last four terms in (3.21), 

Te[(i,p) := E E A“( 0 'iIG“. At A 1 + A|f“, fPf:]) 

OJ^O {p,q,r,s)£ru, 


(3.22) 


(3.23) 


1. Estimation of S 3 {t). We dehne the multiplier appearing in the dehnition of by 
m{ri,K) := (p{t^riK)(p{{10T)~^ri)ip{{10 T)~^k) . 


^From Lemma 3.5 at the end of this subsection, it is bounded by ||F,;Km 
Applying Lemma 3.3, we get 


< 


^ W,/3,l}={a,b,c} 


Then 


IIAWIIli,.<|E E (—oMAtAtA 

oj/O (p,g,r,s)Grt^ 


itoj 


Llll 


< (1 + h|)ioo min 

{a,/3,7}={a,b,c} 


p—g+r—5=0 


using (2.17) 


< 

r\j 


(i + l<l)™, >ni>; , JT“llLi.Ell'‘"“A''l(i?Ell*‘“’"A''lh 

{a,p, 7 }={a,o,c} ^ ^ ^ 


using (2.22) 


<(i + W)-‘+™, .nm ^ flT“IUi,.E(IIAtliflkAllf) 

{Q:,p,7}={a.,o,c} \ ^ ^ ^ 

r 

•EdlA-'lliflli'A'-llf) 

5 

Noticing that for the last inequality, we have 

E(i“^i‘'>-i‘'') 2 EdoT'trnt-tA'O 

r r 

< IIOr 11^,26 (5^ kr^^)^^^ll&r-||£2 

r 

~ ||®r ||;j 2 e II 11 £2 
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with 9 > 1/2. Then 

ii£ 3 Wiui,.:£(i+id-‘*™, .mm , jif“iuijif'’ii;;iiirf'>ii‘? iiF^ii;;i 

(3.24) 


r r , T" W-^-L 112,2 ll-t \\H2e W-^-L 11 2,2 

{a,/3,7}={a,6,c} ^,y 


< (1 + 1(1)-'+!® mm IT"IU|JT'’||slT+lls. 

{o,/3,7}={a>6>c} 

Therefore, an application of Lemma 6.2 shows that the S norms of S 3 is controlled as 
follows, 

IlfaWlls < (irD^'+^ITIIsITlsITIIs < (|r|)“'+™ . (3.25) 

the last inequality comes from (3.3). Combining with inequality (3.4), we can also gain 

l|S3(()lls* < (|r|)-'+™ . (3.26) 

2. Estimation of Si{t). Again, we need to control the norm hrst, and then the S 
norm. Si{t) is composed by two parts, one is from 0\, and the other one £* is from the 
last four terms in (3.21), 

e‘‘“(0‘ilq“.A‘.T1 + 2:‘|F“.q',T1) . (3.27) 

(p,ij,r,s)er^ 

with 

/‘,ri := - (5,05) ir./‘.ri-o5is.r./‘.ri-o)[/“.9<Ar]-o5ir./‘.s<r]. 

The term ^ Z](p g + s)er„ estimated similarly as ||£’ 3 (f)|| 5 . 

Actually, we may gain a better estimate here, since for the hrst term, we can get an 
extra which comes from the t derivative of the multiplier, while for the other three 

terms, by the dehnition of Xt norm, we have 1152^115 < Let us focus on 


^ ^ e"“0(|F“,A',F!| . 

{p,q,r,s)&Tui 


We claim that 


L2 




min IIF”|7| J|F'’||s||F''||, 


{a,/3,7}={a,6,c} 


(3.28) 


|E E +““c>'iiq‘TtGi 

15 : 7^0 {p,q,r,s)&^uj 

As we did for we still have 
l|0![r./‘.r]lli><(l + |(|)''‘“’, min l|ri|i!||e"»“/''llL»lle“»”ritL» . (3.29) 
We then need to estimate ||e**^'''“'/|| 2 ,g=. We notice that for all | < a < 1, 

l|e“"/II(.~(.) < (()-*II/IIl.(i.) < ((>-’ll(+)-”(+)“/IU.(.) < ((>-i||(x)“/llL»(.) . (3.30) 

we may take a = 7/9, then for / supported on |a:| > i?, 

ii<i"“/iiL»<((>“’fl"'-'’ii(x)'''yiii!. 

Therefore, we decompose f = fc + fe with fc{x) := then 

o\ [/“. /‘, r] = 01 1/“ + ft, ft + ft, ft + ft ]. 


(3.31) 
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then by (3.31), if one of /“, is snpported on \x\ > for example, = /g, 

then 

\\0{[f%f,,r]\\Ll = < (1 + 

< (1 + 


in the last inequality comes from (3.30) and (3.31). Then using (2.17), 


1^ 5; e"“osiq“.A':e.Ai 

LO^O (p,q,r,s)&Tu 

< T-‘-w'‘“>iiF“iu. Y, ii(x)*-'v,'’iu. Y II 


(3.32) 


For 0 < a < 1, 




(3.33) 


indeed. 


51 II w"Tiiii = 55 ii(wn)“Fy“iiLi < 55 


^111.2 II i2 


< 


Y II WTIIy (r)*||F,|lir(r)-* < |l(i)F|l?| JIFlGA, < ITUs , 

X , y jj X CK 


with s > 1/2. Thus 

\\Y Y •'"“c’tq.Gt.Til 

{p,q,r,s)&r^ 

Let us turn to the case C>J[/“,/g,//]. 
rewrite 0\ as 


<■ T-i—1— 1 /36+(5/100 II pan n p6|| n pen 

^ ^ j '11^ Wl^U IIsII^ IIs • (3.34) 

By replacing by we can 


0\ [/“, f, rl(0 = f - I? - - ii)dr,dK. 

R2 

= f - V?(^^k))/“(^ - - h - - K)dridK (3 35) 

R2 

= f - p - K)f'={^ - K))dr]dK . 

R2 


Firstly, it is easy to deal with the case when the k derivative falls on 1 — (p, which turns 
out to be 

{2i)-h~^^^ j - d - «)/'^(^ - n)dr]dK , 

R2 


then we get the required estimate with the similar strategy we used to estimate 0\ since 
Lp' admits similar properties as p>. 
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For the other case, we calculate the case when k derivative falls on for example, 
which is denoted by 


Oi,b := / - t] - k))P{^ - K)dT]dK 


(3.36) 


= / {2itri) - ip{t^r]K))f^{i - ri)xp{^ - t] - - K)dridK . 


Noticing that on the support of the integration, \t\\r]\ > |t| ^ > T we still 

have an estimate 


By (3.30), for / supported on \x\ < we have 

l|e“"J^/|U» < (()-’T/‘‘||(x>'-'y|U. . 

using (3.30) and (3.38), 

< T-'/‘"+™||r|U. ■ ||e‘“’“(x/‘)|Ii» ■ ||e"”rili" 

Once again we use (3.33), 

{p,q,r,s)Gr^ 

(p,g,r’,s)er„ 

<r-‘‘''=>+OT||f“|U| J|F‘||s||F1ls . 


(3.37) 

(3.38) 


L2 




(3.39) 


□ 


By replacing by or we proved (3.28) and then the estimate of Si{t). 

Lemma 3.5. [12, Remark 3.5] For T > 1, cp ^ 0“(M), (p{x) = 1 when |x| < 1 and 
(p{x) = 0 when |x| > 2, we define for T/2 < t < T , 

m{ri,K) := ip{t^riK)ip{{10T)~^ri)ip{{10 T)~^k) . 

Then \\Fr,nm\\Li{m^) ■ 

Proof. 

\\Fr,nm\\LHR2) = ||/(xi, Xa) ||Ll^ , 


where 


I{xi,X 2 )= / F^^'^e^^‘^'^ip{ST]K)ip{r])Lp{K)dr]dK, . 


Then one may show that 

\I{xi,X 2 )\ + \xiI{xi,X 2 )\ + |a; 2 /(a;i,a; 2 )| < 1, \xiX 2 l{xi, X 2 )\ < log(l + T) . 
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Indeed, 


|a;iJ(a;i,a;2)| = 


-dr,{e^^^^)e^^^'^ip{Sr]K)(p{r])Lp{K,)dr]dK 

% 


Kif\SriK)(f{vi)if{K) + (f{SriK)if' {vi)(f{K)]dridK 


<1 + 


Kip' {SriK)(p{ri)(p{K))dridK 


Notice that \SriK,\ < 2, then the second term turns out to be 


< 

r\j 


\SK,\dridK, < 1. 


e^^^^e^^^'^{SK<f'{S7]K)ip{7])ip{K))d7]dK\ 

J 

D-.={\Sr)K\,\r)\,\K\< 2 } 

Thus we get the first inequality, and we use the similar strategy to prove the second one. 
\xiX2l{xi,x,)\< [ \d,d,{^{Sr]KMr]MK))\dvdK 


< 


D 


\SKip'{SriK)(p{ri)(p'{K)\ + \S KSrjif’' {SriK)(p{ri)(p{K)\ 

+ \Sr]ip\SriK,)ip'{r])(p{K) \ + \(p{Sr]K,)Lp'{r])ip'{K,)\ + \S(p' {Sr]K,)Lp{r])Lp{K,)\dr]dK, 

, 27 ,- 7/12 

r- 7/12 2 2 T 

< ( y J+ j j )[l + \Sk\ + \Sri\ + \SkSt]\ + S]dT]dK 

0 0 t-t /12 0 

< log(l + T) . 

Then 

(1 + |a;i|)(l + |a; 2 |)|/(a;i, 0 : 2)1 < log(l + T) . 

One also have a polynomial in T bound 

(i + kn(i + fe/)|/(x„x2)|<r'/'T 

Therefore by interpolation one obtains that for every 0 < e < 7/12, there exists a > 1/2 
such that 


|/(a:i,a:2)|<(l + T)^(l + |o:i|^)-^(l + |a:2|^) 


|2\-k 


We hence deduce that 


< tioo . 

rsj 


□ 
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3.3. The Resonant Level sets. 

We now turn to the contribution of the resonant part in (3.18), 

(p,g,r,s)ero 

This term yields the main contribution in Proposition 3.1 and in particular is responsible 
for the slowest 1/t decay. We show that it gives rise to a contribution which grows slowly 
in S', and that it can be well approximated by the resonant system in the Z norm. 
In this subsection, we will bound quantities in terms of 

ll^llz.:= ll^llz+(l + |t|)-^||F||5, 

so that F{t) remains uniformly bounded in Zt under the assumption of Proposition 3.1 
due to the dehnition of Xt and Zt norm. Our main statement of this subsection is as 
follows. 


Lemma 3.6. Let f > 1. There holds that 

|M|F“,f’‘,F-]||s<(l + |«|)-‘ 


E ll^”lla 

{a,y9,7}={a,6,c} 


• IT'’ll2, ■ IT’lls (3-«) 


and 


||A/'„‘|F“,F‘,F1||s*<(l + |i|)-' E 

+ (i + |i|)-‘+“ E IT”lli.'IT'’lls-l|J^lls- 


T“ll5 

|T“I 




Moreover, 


IT 


WKlr G,H] - jK\F,G,H]\\y. < (1 + |i|)-‘-™l|F||s||G||s||J/||s , 


and 


\Wl,\F,G,H] - 7[F,G,ff]|U < (1 + l^l)“‘"“ITIU7|G||s*|I^^IU+ 


In addition, we also have 


||K|F“,F‘,F'|||s< 5^ I|F"||2. ■ ■ IT’lls 

{a,li,')}={a,h,c} 

||K|F“,F‘,FT||5+< I|F“||2.'I|F'=||2.'||F''|U+ 


{a,ha}={a,b,c} 


(3.41) 


(3.42) 


(3.43) 


(3.44) 


(3.45) 
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Proof. As before, we will study the Lf norm and then apply Lemma 6.2 to get the 
norm estimate. Using (2.17), we have 




(p,q,r,s)€ro 


ilLl 


< 


min ||F”l|L|„5:i|e“”F'>|U»5^||e“«F;|U. 

{a,Pn}={a.,b,c} ^^' 


To calculate ^ ||e**"^^Fp||j;^^, we start with the following estimate for |f| > 1, 

p 

— ix"^ j (4t) 

e**^""/(a:) - ~ \t\~^^*\\^f\\L^ , c is a constant. 

One may refer to [12, Lemma 7.3] for the proof of (3.46). Then 


Then 


while 


sup 1/(01 + \t\-^^^\\xf\\L^ . 


||e**^""Fp||i^ < f ^/^sup^ |Fp(0| +t Y W^^pWl^ 

<r‘/"||F|U + (-'/®||xF||s, 

|p|>tl/8 |p|>P/® 

= E (i + lplT-'^IIAIln-d + lpI")-"''" 

\p\>t^/^ 

\\F\\h^F ^ 


(3.46) 

(3.47) 


therefore 


||A/'o*[F“, F^ F" 




< 


(1 + 1^1) 


-1 


mm 

{a,l3,'i}={a,b,c} 


r2 

I ^x,y 


\\F%,\\F' 


\Zt 


(3.48) 


Apply the hrst part of Lemma 6.2, we get (3.40). The proof of (3.41) follows from the 
second part of Lemma 6.2, and we only need to check norm satishes (6.6). Due to 
the dehnition of S'"*", we only need to prove the following inequality, 

11(1 - a„)T|U + ||a:F|U < r-1|F||s+ + r“||F||s . (3.49) 


Indeed, following the proof of (2.14), we are able to show 

||(i-5..)^f|U<||f||5, 

thus we only need to prove (3.49) for [[xFH^. Since PP^(T) C with s > 1, then 
||a:F||| = sup(l + |er)^||^F|||i 

< sup(l + M^) ^(1 + \p\‘^y\F'xQM{xFp)\‘^ . 

M 
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We notice that for any M, \p\ ^ 0, denote R = (1 + M^)(1 + and we decompose 

xFp{x) into two parts 

3^(1 - ^{^))Fp and x^{^)Fp , 

then 

\\xF\\l < sup(l + M^) ^(1 + \p\y\\F^QM{x{l - ^{^))Fp}\\l^ := I 

M -ft « 

P 

+ sup(l + M^) V(1 + \p?r\\F.QM{xp{^)Fp]\\L^ := II . 

M XI 

P 

I < sup(l + M^) ^(1 + 

p 

< sup(l + hX) V(1 -I- \p\^YR-'\\x‘FX^ 

M ^ 

p 

<t-^Vf\\l^<t-^^\\f\\s+ , 

while 

II < sup(l + M^) ^(1 + bni|QM{T(p(^)Fp}||ii(|^|<^) 

p 

< sup(l + M^) 5^(1 + \p\yR^\\Fp\\Li\\xFp\\L 2 

P 

<5^T"||Fp|U|||iF,||i|<T«||f|||, 

P 

thus we proved (3.49), the estimate on TZ is the same. 

Now we turn to the proof of the error estimates (3.42) and (3.43). We hrst decompose 
the functions as we did for estimating 0\, 

X 

F = Fc + Fe, with Fc compactly supported as Fc = ip{^^Yj^)F , 

and reduce the problem to the estimates on F^ Gc, Hf.. We start with the estimates 
of 

[F, G, H] - Af^ [F„ G„ H,] and n[F, G, H] - n[F,, G,, H,] , 

without loss of generalities, it suffices to consider AAq [Fe, G, H] and jF[Fe, G, H]. Indeed, 
using (3.48) and the dehnition of Fg, 

|M|F.,G,ffl|U. + \\\n\F,,G,H]U, < (1 -I- |i|)-'||F.|U.||G||s||ff||s 

< (H-|(|)-=''‘||F||s||G||s||ff|U , (3.50) 

while 

||V„‘1F.,G, Fills 0-i||KlF.,G,H]||s< (10-W)-‘||F||s||G||s||//||s. 


(3.51) 
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Thus by (2.16), we are able to bound 


\\M^,[F,G,H]- M^,[F,,G,,H,]\\ys + -\\n[F,G,H]-n[F,,G,,H,]\\Ys 

<(i + |«|)-‘'''“ITbl|G|UI|ff|U. 

For the S norm estimate, we use (3.51) again. 


(3.52) 


IW'[U,G,i/|||s + -||K|U,G,ff]||s<(l+|(|)-‘||U|kl|G|lsl|ff|ls 

<(l+|«|)-^''-‘||F|U*||G||5*||i/|U* 


(3.53) 


Therefore, we only need to show the inequalities below to complete our proof of this 
lemma. 


TT 


TT 


IMlF^.G^.ft] - -K[F„G„ft]||s < (1 + |(|) 


|M[F.,G„ffJ - ■-n[F,,G,,H,]\\y. < (1 + |(|)-‘-”‘||F||s||G||s||ff||s , 

- 1-205 


(3.64) 

l|F||s+l|G|U*||i/||s+ . (3.55) 


For abbreviation, we assume for the rest part of proof, F = Fc,G = Gc, H = He. 


T(N^\F, G, H] - ^K|F, G, i/|) (5, p) 


= Y. j - >()Gr(? - I? - k)J?,(? - «)<<«*( - jF,{i)GA()H.(() 

{p,q,r,s)ero^2 

Rewrite the integration part. 


(3.56) 


— ri)Gr{^ — V ~ — n)dKdrj 


= / Fg{xi)Gr{x2)H,{x:i) / 


_ - .XI—X2 XQ—X2 




J L Vm idTjdn > dxidx2dx3 


IT 


Fq{xi)Gr{x2)Hs{x3)e ^2+^3)^ * ^ dxidx2dx3 , 
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then 


TT' 


- v)Gr{^ -V- - ^^)dKdr] - -F,(Oa(0^.(0 


TT 

¥\ 


Fg{xi)Gr{j:2)Ha(x:i)e ^ ^ — l\dxidx2dx2 


<l*r“'“IT,llLil|Gr||lil|J?.|U| . 

Actually, using the proof above, we may obtain for any integer m. 


ler 


- v)GA^ -V- - K)dKd7] - ^PgiOGAOHsiO 


(3.57) 




Due to the dehnition of norm (2.8) and S norm (2.10), and the fact that H^{T) , 
s > 1 is an algebra, the proof of (3.54) follows from (3.57). For (3.55), recall that the 
functions are spectrally compacted supported, then the terms 

||AAo*[F„ H,] - ^n[F,, Ge, H,]\\lih^n and \\x(^^^[F,, G„ H,] - G„ H^) 

are easy to deal with by (3.57) and (2.17). We should be more careful with the terms 
admitting x derivatives, since this x derivative may fall on Anyhow, since (p' 

holds the similar properties as </9, (3.57) still works, and we are able to get the estimate 
(3.55). The proof is complete. □ 


3.4. Proof of Proposition 3.1. Now, we can give the proof of Proposition 3.1. 

Proof of Proposition 3.1. We may hrstly decompose the non-linearity as the high 
frequency part and then the lower frequency part combined with the resonant and non 
resonant parts, 

M\F, G,H]= QsGit), QcH{t)] 

A,B,C 

max( A, S,C)>T^ 

Then, we rewrite the last term as 

= jnlF{t),G{t),H{t)] 

-T T, F.[QAF(t).QBG(t),QcH{t)] . 

A,B,C 

max(A,B,C)>TH 
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Finally, we have the formula for the remainder 

£‘IF,G,H] = 

A,B,C 

max{A,B,C)>T^ 

-T E KlQAF(t),QBG{t),QcH(,t)] . 

A,B,C 

max(A,_B,C)>TH 

Let US exam the terms on the right hand side one by one. The first term contributes to 
Si by Lemma 3.2. The second term contains S 2 as it can be written by lemma 3.4 as 
Si + S 2 with Si contributing to Si. The last two terms contributes to Si by Lemma 3.6 
and its remark. This finishes the proof of Proposition 3.1. □ 

4. The Resonant System 

In this section, we will study the following resonant system 

idtG = n[G,G,G] . (4.1) 

Before further discussions, let us recall a useful result on the structure of the resonances 
at first. 

Lemma 4.1. [6, Lemma 1] Given (pi,P 2 ,P 3 ,P 4 ) G To, namely, 

Pi-P2+P3-Pi = 0 and |pi| - IP 2 I + bsl - 1^41 = 0 
if and only if at least one of the following properties holds : 

(1) Vj, Pj>0 ; 

(2) Vj, Pj < 0 ; 

(3) Pl=P2 , P3=P4] 

(4) Pl=P4 , P3=P2 ■ 

The following proposition shows us that we are able to get rid of the resonances 
corresponding to cases (3) and (4), and deduce our resonant system to a decoupling 
system, which only contains cubic Szego equations. 

Proposition 4.1. Given Gq G LlHy, s > 1, ||Go||L2ir® = e, e > 0 and Go{x,y) = 

—Go{x,y + 7T). Set G^{t) = with G as the corresponding solution to the 

resonant system (4.1), then G^(t) satisfies the following cubic Szego eguation, 

idtGl = n±[Gl,Gl,Gl] , (4.2) 

where 

J^.n^[Gi,Gi,Gi]{f,y) = n±(|^±|2Gi±)(e,i/) , 

with Gl = n+(G^) := ^ Gl{x)e^py and Gf = H^G^) := ^ G^(a;)e™. 

p>0 p<0 


(4.3) 
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Proof. The proof of the proposition above is easy. First, by the transformation, 

G\t) = , 

and using the fact that the norm is conserved, we get our hrst reduction to the 
resonant system corresponding to cases (1) and (2). And thanks to our initial condition 
Go{x, y + 7i) = —Go{x, y), we have 


J^yGoi x,p) =0, p even numbers , 

which insures the decoupling. □ 

4.1. The cubic Szego equation. 

Let us begin with a simpler model, a resonant system for a vector a = {ap}p>o, 

idtap{t)= ^ ag{t)ar{t)asit) := R+[a{t),a{t),a{t)]p , (4.4) 

(p,g,r,s)gro,+ 


where ro,+ := {{pi,P2,P3,Pi) ■ Pi - P2 + P3 - Pi = 0,Pj > 0 Vj}. If we denote 
v{t,y) := ap{t)e^'P'^ ^ then v satishes the following cubic Szego equation 

p>0 


idtv = n+(|npi;) . (4.5) 

Let us recall more for the cubic Szego equation (4.5), especially the Lax pair structure 
and its conserved quantities. Gerard and Grellier have showed that the cubic Szego 
equation is a completely integrable system with two Lax pairs. One may refer to [5, 7] 
for more details. To dehne the Lax pairs, one may need to introduce the Hankel operator 

and the Toeplitz operator Tb with v G b G L°°(T), 

H^h := n+(nh) ,Tbh := Il+{bh) . (4.6) 

We remark that is C—antilinear, and is a Hilbert-Schmidt operator. Now we are able 
to introduce the Lax pair structure of the cubic Szego equation (4.5), 

Theorem 4.1. [5, Theorem 3.1] Let v G G(M., Hf(T)) for some s > |. The cubic Szego 
equation (4.5) has a Lax pair namely, if v solves (4.5), then 

(4.7) 

where By = — iT\y\ 2 , 

A direct consequence of this Lax pair structure is that the spectrum of the trace 
class operator Hi, is conserved by the evolution, in particular, the trace norm of Hi is 
conserved by the flow. A theorem by Feller [17, Theorem2, P454], says that the trace 
norm of a Hankel operator Hy is equivalent to the Besov norm i?J^(T) of v. One may 
also see [6]. 
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4.2. Estimation of solutions to the resonant system. 

We are now able to state a result concerning the long time behavior and stability of 
the asymptotic system (4.1). 


Lemma 4.2. For every function G^, G^, the following estimates hold true 

||7^1G^G^G’]|UJ. < , , mm ||G^|U| J|G‘|U||G'|U . (4.8) 

(4.9) 


2,^] 

||7^|G^G^G=>]||^< ||G‘||z||G"|U||G=>|U . 
||7^[G^G^G=>l||s< max ||G'||s||G‘|U||G'|U • 

{3,k,£}={l,2,3} 

Proof. The hrst inequality comes from (2.17). Indeed, by the dehnition of 77, 

||K|G‘,G^G3||U|_ = || ^ G'pidl 

ro,+uro,_ 




< min ||G^|U 2 \\G^\\l^b4G^\\l^b^ 

< min ||Gii 2 \\G’^\\z\\G^\\z , 


(4.10) 


Apply Lemma 6.2, we get the third inequality. The second inequality comes from the 
fact that is an algebra. □ 

Proposition 4.2. Assume Gq G l|G^o|l 5 (+) = ^ with e small enough, and G evolves 
according to (4.1). Then there holds that for t > 1, 


||G(7rlnt)||z ^ IIGollz , 

(4.11) 

l|G(^ln«)llx<(l + l«l)‘'l|G„||s. 

(4.12) 

l|G(xln«)|U. <(l + |«|)'"||G„||sx, 

(4.13) 


with 5' ~ IIGolll, 5" ~ IIGolllllG, 


oWz 


Proof. For the hrst conservation, we use the complete integrability of the cubic Szego 
equation, especially its Lax pair and the conservation of the norm, which is stated 
in the previous subsection. First, one may use Proposition 4.1 to reduce our problem to 
the cubic Szego equation, and the transformation we used keeps the Z norm. Then we 
use Peller’s theorem to obtain 

||G(f,i)||B. . 

Combined with the Lax Pair structure, we have 

||G(f, ()||b. ~ Tr|i/g,j „| ~ Tr|ffg^,j,| ~ ||G„(0 I|b. . 

For the second one, taking G{t) = G{nlnt), then G satishes 

idtG = -n[G,G,G] . (4.14) 

ij 

The main idea is to estimate the norm of 77[G, G, G], and then apply the Gronwall’s 
inequality. 
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Indeed, using (4.10), 

S.IIGIU < i||K|G,G,G]|U < i||G|H||G||s < 1||G„|||||G|U . 

thus we get the S norm estimate by Gronwall’s inequality. 

We now turn to the S~^ norm estimate, by the proof of the estimate (3.49), we may 
gain another more general version, 

11(1 — dxx)'^G\\z + lla^GII^ ^ I|G^o|Is^||G'o||z||G'|| 5+ + IIColls+IIG^olUIIG'ollz^llG^lls , 
with 5' < 5" ~ ||G'o|||||Go||z^- We apply the second part of Lemma 6.2, 

I|K[G.G.G]||s+ < ||G||s+(||G„||| + r''||G„||yi|G„|U||G||s) 

+ t‘^^ IIG^olls+IIG'ollsllG'oll^^llGIII , 
then plugging the estimate of ||G|| 5 , 

^ll<^lls'+^^ ^\\T^[G,G,G]\\s+ ^IIGIIs+IIGolll +1 I|G^o||5+||Go|||||Go||z^ 5 

thus using the inhomogeneous Gronwall’s inequality, we gain the estimate of the S~^ 
norm in (4.13). □ 

Proposition 4.3. If A = and B = 11+5 solve (4.2) with IZ+ and satisfy 

sup {\\Amz + \\B{t)\\z}<e 

0<t<T 

and 

\\A{0)-BmsM<5 

then, there holds that, for Q <t <T, 

\\A{t)-B{t)\\si.)<5e^^^K (4.15) 

Proof. By (4.2), A — B satishes 

tafA,(0 - B,(o) = k+Pk) - bk)Ak)Ak)|, 

+ K+|B(0, A{i) - 5(0,5(01, + K+|S(0,5(e), 5(0 - 5(e)],, 

then an application of Lemma 4.2 completes the proof. □ 


5. The main results 

In this section, we will prove our main theorems. We will start with constructing a 
modihed wave operator and gain the small data scattering as the theorem below. 
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5.1. Modified scattering. Given a small initial data in S~^, we may find a solution 
to our original system ( 1 . 1 ) by constructing a corresponding solution to the resonant 
system (1.10), which also leads to the global well-posedness of our wave guide Schrodinger 
equation with small data. In the other hand, the solution with small initial data admits 
some modified scattering property. 

Theorem 5.1. There exists £ > 0 such that if Uq G S~^ satisfies 

IIG 0 II 5 + < £ , (5.1) 

(1) If G is the solution of (1.10) with initial data Uq, then there exists a unique solution 
U of (1.1) such that e~^^-^U{t) G G([ 0 ,cx 3 ) : S) and 

\\e~^^'^U{t) — G( 7 rlnt )||5 —)■ 0 as t ^ +00 . 

(2) Conversely, consider the corresponding solution U of (1.1) with initial data Uq sat¬ 
isfying (5.1), if e is small enough, then there exists a solution G of (1.10), such that 

||e-**"^f/(t) _ G( 7 rlnt )||5 —)■ 0 as t —)■+cxd . (5.2) 

Proof. Let us begin with (1). Set 

G{t) = G(7rlnt), K{t) = e-^^^U(t) - G{t) 

and define a mapping 

00 

^{K){t) = -i j ^M^[K+ G,K+ G,K+ G]-^n[G{a),G{a),G{a)]^d(T . 

t 

The main idea is to find a fixed point for $ in a suitable space. Define 
21 ■.={K G ^^([l, oo):S) : \\K\\^ < cx)} 

\\K\W :=snp {(1 + |t|)1ir(t)|U + (1 + \t\r\\K{t)\\z + (1 + Wt)^} . 

i>l 

We claim that if £ is sufficiently small, there exists Si such that $ defines a contraction 
on the complete metric space {K G 21 : ||l^||a < As in [12, Theorem 5.1], we 

decompose 

N\K + G,K + G,K + G]- ^7^[G, G, G] = E\G, G, G] + C^K, G] + Qf[K, G] (5.3) 
where 

{ 8^[G, G, G] := U^G, G, G] - ^7^[G, G, G] , 

G] := AA*[G, G, K] + G, G] + M^G, K, G] , 

Qf[K, G] := M^[K, K, G] + M^[G, K, K] + M^[K, G, K] + M^[K, K, K] . 

For iF G 21, we have 

(1 + \t\r'mt)\\z + (1 + mimws + (i + itiy-^imms < d , ( 5 . 4 ) 

taking e: < py Proposition 4.2, we have 

||G(()||s+ + (1 + |(|)I|S.G(()|U+ < ^(1 + . 

I|G(«)|U<^ . 


(5.5) 
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To show our claim, it suffices to show that the quantities below are small with 

K, e 2t, 


£^[G,G,G]da\W<e^ , 

r[K,G]da\W<e^K\W, 

S‘'[A',G]<i<T||a<£||A-||T 

{Q^[K,,G] - Q^[K2,G]}da\W < ee,\\K^ - K^l 


a 


Proof of (5.6). Because of the dehnition of we can easily gain for f > 1, 

||£‘|G,G,G]||s = ||Y|G,G,G1 - \tI[G,G,G\\\s 

<||Af‘[G,G, Gills+ i||K[G,G, Gills. 


Using (2.18), 
while by (4.10), 
then 

this controls the time derivative in the 21 norm. 


||A/''|G,G,G]||s<r‘||G|||<r‘+V, 
||K‘[G,G,G|||s< ||G|||||G|U<*G 
||f'[G,G,G|||s<(-‘+V, 


t 


1-5 


S,( / S’’[G,G,G]da\ 


<sV 


(5.6) 

(5.7) 

(6.8) 
(5.9) 


(5.10) 


By (5.5), we have ||G||^(+) < £ for any T > 1, so the other two terms of the 21 norm, 

\\ S'^[G,G,G]da\\s and \\ S^^lG, G, G]da\\z can be deduced by the estimates in 

Proposition 3.1. 

Proof of (5.7). We estimate the norm || AT^lG^G, K]da\\% for example. 

As in the proof of (5.6), using (2.18) and (5.5), we have the following estimate which 
controls the time derivative in the 21 norm, 

l|Y|G,G,A'|||s<r‘||G||J||A'||s<r‘+Y||A'|k. 


For the other two term in the 21 norm, we shall reproduce the decomposition as in the 
proof of Proposition 3.1 on A/'*[G, G, iP]. Using Lemma 3.2 and Lemma 3.4, it only 
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remains to show that 

\\n[G,G,K]\\z<il + \t\)-^^e% , (5.11) 

\\^^^[G,G,K] - jn[G,G,K]\\z < (1 + , (5.12) 

l|A/'o[G,G,K]||s<(l + |t|)-'-V£i. (5.13) 

The hrst estimate follows from (4.9), 

\\nG,G,K]\U < IIGIIIIIA'IU < (1 + ■ 

The second estimate follows from (3.42), 


\\Mi,[G,G,K] - ^K|G,G, A'llU < (1 + |(|)-‘-“||G|||||A||s < (1 + . 

For the third estimate, we use (3.40) to get 

(1 + |«|) {|M1G,G,A|||s+ IMIG.A.GIIU} < \\G\\\\\K\\s + \\G\\^}\K\\^ja\\s 

<eh,{l + \t\)-'‘. 


Proof of (5.8). The proof of (5.8) is similar to the proof of (5.7). 

Proof of (5.9). We may rewrite 

AA*[iFi, iFi, G] - K^, G] = Af^[K,,K,, G] - Af^[K,, K^, G] + Af^[K,, G] 

-M^[K2,K2,G] 

= K, - K2, G] + Af^[K, - K2, K2, G] , 

we take similar decompositions on the terms G, Ki\—Af^[K 2 , G, K 2 ], Af^[G, Ki, Ki\ — 

J\f^[G, K 2 , 7 ^ 2 ] and J\f*[Ki, Ki, K]\ — M*'[K 2 i K 2 , K 2 ]. Similar strategy we used to prove 
(5.7) can be applied to obtain the estimate on the norm ||A/'*[Fi, F 2 , FsjUgt with one of 
these Fj be Ki — K 2 while the other two functions belong to {iFi, K 2 , G}. The proof of 
the hrst part is complete. 


Let us turn to (2), we will prove it in two steps. 

Step 1: Global existence and bounds. Let Uq G S'+, ||Go||s+ < £ with e small 
enough. The local existence is classical via its integral equation. We denote F(t) := 
e-**'^G(t), then (1.1) can be rewritten as 

idtF = ^^^[F,F,F] . (5.14) 


F{t) 


By the estimate (2.18), we have 


Uo-t 


t 

jM^[F,F,F]d(j . 
0 


l|V‘[F,A,F]|U-. <(l + |i|)-‘||F|||* . 


(5.15) 


This allows us to use a hxed point argument on a small time interval [0,T], and t i-A 
||F(t)|| 5 + is G^. We claim that 


\\F\\x^<\\Uo\\s^ + G\\Fr^^ 


( 5 . 16 ) 
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for all T > 0 and all U solving (1.1) snch that ||i^||x+ ^ \/^- Then by a bootstrap 
argnment, we gain the global existence and the solntion satishes for all T > 0 


||F(7(«)|LvJ < 2 e . (5.17) 

Let ns begin the proof of onr claim (5.16). Recall the dehnition of the norm (2.11), 
we have to consider the S and norm of F and dtF and also the Z norm of F. 

It is easy to dednce from the eqnation on F that ||cItF||g(+) = ||A/'*[F, F, F] || 5 (+). 
Thanks to (2.18), we have 

||a,F|U = IIV‘1F, F, F] lls < (1 + |(|)-‘||F||| , 
l|9<F||s+ = ||V[F,F.F]|U+ < (1 + |i|)-‘||F|||||F|U+ , 

thns 

(1 + |(|)‘-«||a,F||s < ((1 + |(|)-'||F|U)y < ||F||i* , (5.18) 

(1 + |(|)‘-'‘||a,Fb+ < ((1 + |(|)-'||F||s)"(l + W)-“||F||s+ < ||F||5,* . (5.19) 

We now tnrn to estimate ||F||^, by the decomposition resnlt of in Proposition 3.1, 
and notice that R dehned as (4.4) is self-adjoint on and that there is a cancellation 

(*FF[F,F,F](0, FF{0)k,k=^- 


So we will stndy the ||F||y<T with a > 1 where is dehned in (2.8), then to control the 
Z norm. 


d 1 
ds 2 


|Fp(f,s) 


(T^^‘[F,F,F](i,s), i?,(e,s)) 


(5.20) 


Pi ^ ^pi^i T Pi 1 P’pi^i h^xh^ ■ 

Thns mnltiplying with (1 -|- |.^P), nsing the estimates of ||Tjj|y<T in Proposition 3.1, then 
we have for any we have 


(l + l^r)l / (Ti(^,P,s),Fp(^,s)),,.xh-| < ||F||^+ /(l + |s|) ^ ^ds-snp||F(s)||y. , 
J ^ J [o,t] 


while 


[1 + leP 


{dt^si^iPi s), Fp(^, s))h<^y,h-ds 


^ [1 + I'Cp] {^^{.iiPi't)iFp{iR))h<^xh° 




t 

{^siiiPi 0 ), Fp{^, 0))h<^xh^ 

+ [i+ier] 

/ Pi s)i dtFp{^^, s)) 

0 


<||F||^,-snp||F(s)||y. + ||Fr 


A7 


^ [0,t] 

Combining the above estimates, we have 


||F(t)|U<||F(t)||y. + q|F|| 


A7 


(5.21) 
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For the norm ||F(t)|| 5 (+), when 0 < t < 1, 

ITUs < ITUs* < IITIIs* + IT(«) - -F(o)|ls* 
< ITolls* + sup l|9Tlls+ 

0<t<l 

While 1 < t < T, using Proposition 3.1, we have 


IT(«)-Gl)lls(*) < M’lF.F.Fld. 


a 


s(+) 


< 


n[F, F, F]da/a 


s(+) 


+ 


(£^ 1 ( 0 -) + S 2 {(j))da 


then using (3.44) and the, we have 


s(+) ’ 


nlF,F,F]<k7/a < I a-'\\F\\l\\F\\s<k7 


< 


a 


‘+T(r||f IIP < (‘ITII 


A+ ’ 


while by (3.45), 


(5.22) 

(5.23) 


KlF,F,F]da/a\\^^< f (s-'|TII|JTIIs* + s-'+“ITIIalTlll)<iu (6.24) 


< / IIP < (“ITIIP . 


5 ( 51 


(5.25) 


(5.26) 

(5.27) 

(5.28) 


together with the estimates in Proposition 3.1, 

IT(i)-Gl)lls<(l + |i|tlTlll* . 

IT(i)-pl)lls+<(l + |i|)“ITIip . 

Hence, we hnally gain 

(i + |i|)-‘ITIIs + (i + |i|)-“ITIIs*<ITIU* ■ 

Our priori estimate (5.16) comes out from (5.18), (5.19), (5.21) and (5.28). 

Step 2: Asymptotic behavior. Dehne T„ = e"'/'^ and Gn(t) = (^^(Tlnt), where Gn 
solves (1.10) with Cauchy data such that Gn{n) = GniTn) = F{Tn). We claim that for 
all t > Tn, 

l|G„(()IU + (1 + l*l)-lG„(*)lls + (1 + W)-“I|G„(()|U* + (1 + W)‘-‘||S,G..(()lls < s 

(5.29) 
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uniformly in n > 0. Indeed, first we get from the global bounds result (5.17) that 
uniformly in n, 

\\Gn(t)\U = l|G„(irln«)|U = ||G„(n)|U = IIGUjlU < £ . 


l|G„(r„)||s<£ry 

and by (4.10), 

l|5tG.(s)|U < .-iG„|||||G„(.)||5 < eVi||G.(s)b . (5.30) 

An application of Gronwall’s lemma gives, for e small enough, 

l|G'n(s)|l5 S>T„ 

which, combined with (5.30), provides control of the second and last term in (5.29). We 
can estimate the norm similarly, using (3.45), 

l|SiG„(s)||s* < s-V||G„(s)||s+ + ||G„(r„)|U+ < ETf. 

This concludes the proof of (5.29). 

Since 

idtF = M^[F,F,F] , 

idtGn = —TZ[Gn, Gn, G„] , 

71 

and 

F(T„) = GniTn) , 

then 

t 

F{t) - G^{t) = i j {N^[F, F, F] - ^n[G^, G^, 

Tn 

t t 

= i J ^"[F,F,F]dcr + * J ^(n[F,F,F]-n[Gn,Gn,Gn])da . 

T-n Tn 

Using the estimates in Proposition 3.1, we gain for t > Tn, 

t 

IT - G„|U < j (||F|I|+||G„|||)||F-G„|U^ 

Tr, 

t 

<e^T-^‘ + e^J |T-G„|U^ . 

T„ 


we may then deduce by Gronwall, 
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We may deduce the estimate on ||F — G „||5 similarly and 

t 

IT-G„||s<eT-“ + j (l|F|l|+||G„|||)|T-G„||s^ 

Tn 

t 

+ J (IIDU + I|g„||z)|T-g„|U(||f||s + ||g„||s)^ 

t 

<s^T;‘ + s^J ||f-G„||s^. 

T„ 

Again, we use Gronwall’s inequality and get 

sup ||F(i)-G„W||s<£’r-' ■ (5-31) 

Tn<t<Tn+4 

Therefore, 

||G„+i(n + 1) - Gn{n + 1)||5 = \\F{T^+,) - G„(T„+i)||5 < e^T-^ , (5.32) 

and thus by Lemma 4.3, we gain 

||(5„+i(o)-g„(o)||5<£V"'/2 . 

We see that {Gn(0)}„ is a Cauchy sequence in S and therefore converges to an element 
Co,oo £ S which satishes that 

||G'o,oo|U IIG'n(O) — Go,oo||s 

By Proposition 4.3, 

sup 11 Goo (t) - (t) 11 s < 

[0,Tn+2] 

where Goo(t) = Goo(7rlnt) with Goo the solution of (1.10) with initial data Goo(O) = 
Go,oo- Now we have 

sup ||Goo(t) - T’(t)||s < sup ||Goo(t) - G„(t )||5 + sup \\Gn{t) - F{t)\\s 

Tn<t<Tn+l Tn<t<Tn+l T„<t<T„_|_l 

This hnishes the proof. □ 

5.2. Large time Sobolev unboundedness. We will hrstly study the dynamics of the 
resonant system (1.10), then we apply the modihed scattering results above to gain the 
large time behavior of the wave guide Schrodinger equation. The following strategy 
allows us to transfer informations from a global solution a{t) of (4.4) to a solution of 
(4.2), all we need to do is to take an initial datum of the form 

Go{x,y) = (p{x)g{y), ip e 5(M) , 
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where Qp = ap(0), and (p(x) is the inverse Fonrier transform of ip. The solntion G{t) to 
(4.2) with initial data Gq as above is given in Fonrier space by 

Gp{t,0 = ■ (5-33) 

In particnlar, if (^ = 1 on an open interval I, then Gp{t,^) = ap{t) for all f G M and 
^ G /. For ^ G /, the resonant system tnrns ont to be the cnbic Szegd eqnation. 

Let us recall the inhnite cascade result for the cubic Szegd equation. 


Theorem 5.2. [8] For any Vq G := HsiL®, for any M, for any r > ^, there exists 
a sequence (tq) of elements of G^ tending to vq in and a sequence of time tn, \tn\ 
tending to oo, such that the corresponding solution Vn of the cubic Szegd equation 

idtv = n+(|npn) , n(0) = 

satisfies 

—)■ oo , n —)■ oo 

Assumption 5.1. Gq G with ||Go|| 5 + small, Go{y) = —Go{y + 7i), and there exists 
some non empty open set / 7 ^ 0 , such that Go (0 = '^0 ^ I, while the corresponding 

solution of the cubic Szegd equation (5.34) with vq as the initial data admits an unbounded 
trajectory as described in Theorem 5.2. 



(5.34) 

(5.35) 


Let G be a solution to 

r idtG = n[G, G, G] 
I G(0) = Go 

with Go satishes Assumption 5.1, then 


l|G(«)IUiffi > ( / l|G(«.0|||,.<ij)‘''" = |/|‘G||„(«)llffi ^ <x. , 


(5.36) 


(5.37) 


for any s > 1 / 2 . 

By Theorem 5.1, for the solutions to the resonant system G as above, there exists 
solutions to the wave guide Schrodinger equation (1.1), such that (5.1) holds. Then the 
large time behavior of G{t) (5.37) leads to the large time unbounded Sobolev trajectories 
of solutions to the equation ( 1 . 1 ). 


Corollary 5.1. Given N > 13, then for any e > 0, there exists Uq G S~^ with ||Go||s+ < e 
such that the corresponding solution to ( 1 . 1 ) satisfies 

\\U(t) 

7m—^ ’ Vs > 1/2 , VM . (5.38) 

t^oo (1 + logFl)^^^ 

Remark 5.1. As we announced in the introduction of this paper, the unbounded Sobolev 
norms in our theorem are just above the energy norm. The growth is as large as (log \t\)^ 
for any M for solutions with small initial data in S~^, which is almost optimal for the 
dispersive wave guide Schrddinger equation. 
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Moreover, in view of Theorem 5.2 by Gerard and Grellier [8], we expect that there exist 
some Banach space B, such that the set 

G := I f/o e 5 : Vs > i VM e , limsup \ 

is a dense Gs subset of B. The difficulty comes from the gap between S and S~^ in the 
modified scattering argument, which already exists in the early results of Ozawa [16] and 
Hayashi-Naumkin-Shinomura-Tonegawa [15] . 


6. Appendix 

We now turn to our basic lemma allowing to transform suitable ^ bounds to bounds 
in terms of the L^^^-based spaces S and . We define an LP-family Q = {Qa}a to be 
a family of operators (indexed by the dyadic integers) of the form 

< 57/(0 = ?(|)/tt), -4 >2 

for two smooth functions 0 G C'“(M) with 0 = 0 in a neighborhood of 0. 

We define the set of admissible transformations to be the family of operators {Ta} 
where for any dyadic number A, 

Ta = ^aQa, |Aa| < 1 

for some LP-family Q. 

If F G 13, then for any admissible transformation family T = {Ta : A dyadic numbers }, 
^ TaF converges in B. And this norm B is called admissible if 

A 

IIE^-^DIbOITIIs. (6.1) 

A 


Lemma 6.1. Recall the definitions of the norms S, S~^, Z and Zt, 


ITUs <=ITIlHi;, + . ITIIss <= ITUs + ll(i - TJT||s + ||rf||s . 

ITUs <=sup [1 + loT IT(0 -)IIb. . ITIla <= ITIU + (i + |i|)-‘ITIIs • 


All these norms are admissible. 


Proof. Due to the definition of admissible transformation, we may only deal with func¬ 
tions independent on y. Let us prove with the S norm for example. Indeed, 





aT ( 0/(0 + AA /( i )/(0 


ic. 


j (lA.iYio + iA4iy(|))(o'“i/(oiTj 


2 

i/JV , 
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while 


thus 


x'^TAf\\l2 = 


< 


a«(AiAO7K) + A^0(|)/K)) 


di 


|Ai|Y«) + |AAp0(|))|a5/K)t<i? 


+ / (|A.IV(0 + ^'^(|))l/(0t<i« 

R 

< IIAIIi. + WfWh , 




□ 


Given a trilinear operator ‘X and a set A of 4-tuples of dyadic integers, we define an 
admissible realization of X at A to be an operator of the form which converges in 

iA[F,G,ff]= Y1 rDi|r'F,r"G,r"'i/] (6.2) 

{A,B,C,D)eA 

for some admissible transformations T, T', T", T'". 

Lemma 6.2. Assume that a trilinear operator X satisfies 

Z%[F, G, H] = ‘I[ZF, G, H] + X[F, ZG, H] + X[F, G, ZH], (6.3) 


for Z G {x,dx,dy} and let K he a set of A-tuples of dyadie integers. With the notation 
introduced above, assume also that for all admissible realizations of X at A, 


||Xa[F“,F',F'= 


1^2 < A' min 

{Q:,/3,7}={a,6,c} 


|L2 




(6.4) 


for some admissible norm B such that the Littlewood-Paley projectors P<m (both in x 
and in y) are uniformly bounded on B. Then, for all admissible realizations of% at A, 


\\%4FfiFfiF^]\\s 


< K max 

{a,l3,'y}={a,b,c} 


rIT’lli 


(6.5) 


Assume in addition that, for Y G {x, (1 — d^xY}, 


\\YFh<9,\\F\\s^ + 9,\\F\\s , 


( 6 . 6 ) 


then for all admissible realizations of X at A, 

||■rA[F^F^F^|U. </f ma.x ||F“| 

{Q:,p,7}={a,o,c} 


5 + 


(I|F«||b + «i||F'’||a)||F^||b 


+ e,K ma.x ,||F“|(s||F'’||s||F’||e . 

{Q:,p,7|={a,o,c} 


(6.7) 



ENERGY GROWTH AND MODIFIED SGATTERING 


44 


Proof. Let us start with (6.5). 

1. The weighted component of S norm. By rewriting xT^ = [x,Ta\ + T^x and 
using (6.3), we have 


= Td^T'^F^, nF\ T'ffF^] + Td^[[x, T'^]F\ T'f,F\ T'^F^^] 

(A,B,C,D)eK {A,B,C,D)£A 

+ Y 1 ToTiir^F^ [x, T"]F^ T"'F^] + To^[T'j,F\ r'F\ [x, T"']F^] 

{A,B,C,D)eA {A,B,C,D)£A 

+ Z^[xF•‘, F\ F'] + 1a[F“, xF’’, F'] + Sa[F“. F\ xF^] . 

( 6 . 8 ) 


By simple calculation, we have 


[x, Qa] = A . 

We notice that if Qa is an LP-family, Q'^ is also an LP-family, then [x, T^] is also 
an admissible transformation. Thus, we may consider xTa[F“, F^, F^] as the following 
summation 


Ta[F“, F^ F^] + Ta[xF“, F^ F'^] + ^aIF'^, xF\ F^] + ‘IaIF'^, F\ xF<^] , (6.9) 

then ||xTa[F“, F^, F^]||a 2 follows from (6.4). 

2. The component of S norm. We will use the equivalent dehnition of 
norm, 

IIDI«»- E Af“||FMF||i, , 

M dyadic 

with Pm as the Littlewood-Paley projections on M x T dehned in Section 2. Then, we 
may decompose 


P ‘V r PG _ r> FT r T?a TFb TTicl I p 67- r pa pb pci 

^M-Aa[x ,C ,C \ — .rMXA,low[x ,c ,T \ + I^MXA,high[x ,X ,T J , 

with.%A,lowiF^", F'^, F^] = %a[P<mF^, P^mF'^, P<mF^]. 

We have hrstly 


M^^\\PM^AMgh[F^,F’’,F<^]\\l2 

M dyadic 


< K max 

{a,/3,7}={a,fe,c} 


|2 

Ih^ 


IT'’llll|P|| 


( 6 . 10 ) 


since 


5^|M|2^||FMTA[F>2MF“,F',F^]||i2 < F2^|M|2^||F>2MFlli2||F'|||||Fl| 

M M 


< F^||F“ 


||2 

\\h^ 


II P^l|2 II 

It Hell 



2 

B ■ 


( 6 . 11 ) 
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Let Z G {dx, dy}, we can bound the contribution of as below 

< M-^\\Z^^Pm^k,io^[P<mF\ P<mF\ P<mF^]\\l2 

= M-^\\ Y. H Pm^k,Io.,[Z'^Pm,F\ Z^Pm,F\ Z^Pm.F^WW • 

a+/3+7<2A Mi,M2,M3<M 

( 6 . 12 ) 

Without loss of generality, we assume Mi = max (Mi, M 2 , M 3 ) < M, then 

M^\\PM‘lA,l<n.\\L^ < Y Y1 nA,lo4PM,F‘^,PM,F\PM,F^]\\L^ 

Mi<M M 2 ,M 3 <Mi 

<A' ^ (^)-"MG|FM.f’1li.|T''llBlT1lB. 

Mi<M 

(6.13) 


the above sum is in by Schur test, then 
M 2 ^||PMTA,^o^[F^F^F'=]||i 2 < 

M dyadic 


max 



||2 

Wn^f 


IT'^IIbIT’IIb . 


(6.14) 


Therefore we bound the component of S norm, which completes the estimate (6.5). 

Now, we turn to prove the estimate (6.7), due to the dehnition of S~^ norm, we only 
need to bound HxTaHs and ||(1 — dxxY^h\\s- From (6.9) and (6.5), we gain directly 

{“>P,7}={a:0:C} {a,P,7}={a,o.4 


we then using ( 6 . 6 ) to control the norm ||a;F||g. The estimate on ||(1 — OxxY^aWs can 
be calculated similarly by replacing x with (1 — dxxY- The proof is completed. □ 


Remark 6.1. 

VFe have a Leibniz rule for X*[/, g, h] and J\f^[F, G, H], namely 

Ziy, g, h] = X*[Z/, g, h] +1% Zg, h] +Jf[f, g, Zh], Ze {x, , 

Z^^^[F, G, H] = N\ZF, G, H] + Af^[F, ZG, H] + M\F, G, ZH] , Z E {x, dx, dy} . 

(6.16) 

Property (6.16) will be of importance in order to ensure the hypothesis of the transfer 
principle displayed by Lemma 6.2. 
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